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Abstract 

We consider the question whether the trigonometric system can be 
equivalent to some rearrangement of the Walsh system in Lp for some 
p ^ 2. We show that this question is closely related to a combinatorial 
problem. This enables us to prove non- equivalence for a number of rear- 
rangements. Previously this was known for the Walsh-Paley order only. 



1 Introduction 

Both the Walsh system and the trigonometric system are systems of characters 
on a compact abelian group. This explains that many of the results in the theory 
of those systems are parallel. However, those similarities do usually not extend 
to the case when the systems are compared directly. So it is known that the 
Walsh system in the Walsh-Paley order and the trigonometric system are not 
equivalent in Lp for p ^ 2, see jl]. A "power- type" non-equivalence for those 
systems was recently shown in 

It does not seem natural to fix the order of the systems in this basis equiva- 
lence problem. In j^] the conjecture was made that non-equivalence also holds 
for arbitrary rearrangements of the Walsh system. Nevertheless, the methods 
used in that paper are very particular to the case of the Walsh-Paley order. The 
aim of this note is to address the more general equivalence problem. 

In a first part, we relate the equivalence question for a fixed ordering to a 
question of algebraic combinatorial type. In a second part, we apply this ap- 
proach to prove non-equivalence for a number of orderings. We obtain estimates 
of power type but we do not attempt to find the optimal estimates here. 

*The authors were supported by DFG grants Hi 584/2-2 and We 1868/1-1, resp. 
Both authors thank the University of Pretoria where part of this work was carried out. 
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The method can be generalized to deal with the equivalence of arbitrary 
systems of characters on compact abelian groups. This will be studied elsewhere. 

We consider the trigonometric system (e„)„gz on [0, 1] given by the functions 
en(i) = exp(27rmt). Let ro,ri, . . . be the system of Rademacher functions on 
[0, 1]. For n = 0, 1, . . . the binary expansion of n is n = X^i^o with rii G 
{0, 1}. Observe that the sum is a finite sum. The n-th Walsh function is then 
given by 



1=0 



Fix a permutation a of {0,1,...}. Given I < p < oo, we say that the 
trigonometric system and the Walsh system rearranged with a are equivalent 
in Lp if there exists c > such that the inequalities 

^ oo oc oo 

- y^^efc <\\y^^^kWa{k) <c\\y^Xkek 

C II ^ — ' p II ^ — ' p II ^ — ' 

fc=0 k=0 k=0 

hold for all sequences {^k) of complex numbers with only finitely many nonzero 
terms. Here || • ||p denotes the norm in Lp[0, 1]. We then write {ek)k>o 
{wcr(k))k>o- Observe that we actually only consider one half of the trigonomet- 
ric system. This is not really essential for what follows but it simplifies the 
exposition significantly. 

We now describe the organization of the paper in some detail. The next sec- 
tion provides a basic duality result which shows that the equivalence questions 
in Lp and Lp' are essentially the same where as usual p' denotes the conjugate 
number of p given by l/p+ 1/p' = 1. 

In Section 3 we introduce and study a sequence of functions crucial for 
our purpose. Norm estimates for these functions provide a tool to prove non- 
equivalence of Walsh and trigonometric systems. This is a generalization of 
the method used in 0]. Moreover, it will turn out to be fundamental for our 
considerations that non-equivalence of Walsh and trigonometric systems in Lp 
for all p 7^ 2 can be derived from a nontrivial Lp^-norm estimate of those 
functions for one fixed po > 2. 

In Section 4 we show that the L4-norm of the key functions is determined 
by the solution of a particular combinatorial problem. This is due to the fact 
that the fourth power of the L4-norm is a polynomial function and to the or- 
thogonality of Walsh and trigonometric functions. 

Section 5 applies this approach to concrete rearrangements of the Walsh sys- 
tem, in particular to linear and piecewise linear rearrangements and "small" per- 
turbations thereof. This includes all the commonly used orderings of the Walsh 
functions, i.e. the Walsh-Paley order, the original Walsh order, the Walsh- 
Kaczmarz order, and the Walsh-Kronecker orders. We give the definitions of 
these orderings at the appropriate places. More information on Walsh functions 
and Walsh series can be found in the monographs 1 and (21. 
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2 Duality 



To study the equivalence problem we introduce some notation. By An we denote 
a general orthonormal system (ag, . . . , a„_i) in ^2(0, 1], usually this will be the 
system W„ of the first n Walsh functions {wq, . . . , Wn-i) or the system £„ of the 
first n exponential functions (eo, . . . , e„_i). Given a finite set F C {0, . . . , n— f }, 
we denote by A{¥) the system formed by the functions with k G ¥. If in 
particular F — [m] := {0,...,m — 1} is the set of the first m members of 
{0, . . . , n— 1} we write again yi,„ for yi([m]). Given a permutation a of {0, 1, . . . } 
we denote by yi'^(F) the system formed by all a„(^f^-^, where fc e F. Note that 
A^iW) and A{<7(¥)) differ just by their order. 

We let ^p(yi(F), 23(F)) denote the smallest constant c such that 



kef 



holds for all complex numbers £,k with A; € F. 
We are interested in the quantities 

ep(w;^,£„), ep(£r\w„), 

where is the inverse permutation of cr. 

In order to get some information on duality, we need another quantity, which 
behaves better under passing from ptop'. The fc-th Fourier coefficient of a func- 
tion f G Lp with respect to the system "Bn is given by (/, bk) = f{t)bk{t) dt. 
For simplicity, we will henceforth assume that all orthonormal systems con- 
sidered consist of bounded functions, so Fourier cocfhcients exist for all Lp- 
functions. We let ^p(yi(F), 'B(F)) denote the smallest constant c such that 

V(/,6fc)afc <c||/||p 

holds for all functions / e ip[0, 1]. Observe that 5p{A{¥), 23(F)) is the norm of 
the operator S : Lp[Q, 1] ^ ip[0, 1] given by Sf = J^k&if^ bk)ak- 

We have the following facts about the quantities Qp and 5p, which are either 
obvious or proved in [2]. 



Qp{A{¥),B{¥)) < 6p{A{¥),B{¥)), (1) 

Sp{A{¥), S(F)) = Sp, (B(F), yi(F)), (2) 

Sp{A{¥),B{¥)) < Qp{A{¥),'B{¥))SpCB{¥),'B{¥)), (3) 

Qp{A^¥), 23-(F)) = ^p(yi(a(F)), 23(a(F))), (4) 

Sp{A''{¥), S'^(F)) = 6p{A{a{¥}),'B{a{¥))). (5) 

If F C G then also 

gpiAi¥),'B{¥)) < e^{A{G),T,m. (6) 
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Moreover, if G (0, 1) is given by 1/p = (1 — 6*) /po + 6*/^!, complex interpolation 
shows that 

SpiAi¥),^{¥)) < Jp„(yi(F),a3(F))i-^,5p,(yi(F),S(F))^ (7) 

The next fact follows from the boundedness of the Riesz transform in any 
-Lp[0, 1] for 1 < p < oo, see [HI vol. I, p. 67], and the boundedness of the 
canonical projection from Lp[0, 1] onto the span of the first 2™ Walsh functions, 
see 13 p. 142]. 

Lemma 2.1. For I < p < oo, there is a constant Cp such that 

(5p(£„, £„) < Cp (8) 
for n — 1,2,.... Moreover, we have for all m = 1, 2, . . . that 

,5p(W2..,W2.0 - 1- (9) 

Combining and ® gives the following lemma. 
Lemma 2.2. If a[n] C [N] then 

Qp{Al,%,,)<Qp{AN,'B%"). (10) 

Proof. We have 

ep«,13„) = Qp{A{a[n]),%-~\a[n])) 

< Qp{Am),'B'^'\[N])) = ep{AN,'B%'). 

□ 

Next we prove a first duality result. 
Lemma 2.3. For any orthonormal system An and \ < p < oo we have 

Qpi^njAn) 5: CpQp, 

(^„,£n), (11) 
Qj,{W2^,A2^)<Qp,{A2^,W2r.). (12) 

Proof. It follows successively from (^Ol, ©i ® and (|HJ| that 

Qp{^n:Aji^ — ^pi^n^An') ^p'{An,^n^ ^ (-^m £n)^p' (£ni £n) 
^ CpQpi{An, En)- 

The second inequality follows in the same way using instead of 0. □ 
We can now prove the complete duality result. 



4 



Proposition 2.4. Given a permutation a and n G {0,1,...} there exists a 
number N such that 

ep(£n,W-) < Cpep,(W^,£Ar), ep(£^,W„) < CpQp,iWN,£-%), (13) 

Qp{V^n,£Z)< Q,y{E-%,V^N), Qpm.en)< Q,,iEN,W%). (M) 

for all 1 < p < oo. 

Proof. The left hand inequalities are immediate consequences of pi|) and p2|l 
using N = n and N = 2™ > n and © respectively. 

The right hand inequalities follow from (fTUI) . the corresponding left hand 
inequalities and (|HJ|I again. □ 

We can now summarize the duality results as follows. 

Proposition 2.5. Let 1 < p < oo. Then the systems {ek)k>o cind {wa-(k))k>o 
are equivalent in Lp if and only if they are equivalent in Lpi . 

Proof. We only have to note that {ek)k>o {wc{k))k>o if and only if the 
parameters ^ (£„,W5^) and g (W^,£„) are uniformly bounded. □ 



3 The key functions 



To show non-equivalence of the trigonometric and rearranged Walsh system, 
norm estimates for the functions 



fe=0 

play an essential role. This is due to the next observation. 

Proposition 3.1. For each p with \ < p < oo, there exists some constant 
Cp > such that 

Qp{£-n,W:) > Cpn'-'^P\\F,:\\p' forn^ 1,2,..., 
where is the norm of in _Lp([0, 1]^). 

Proof. From the definition of Qp{En,^n) '^'^ ^iid that 



k=0 



dt < Qp{E.^,W^f / 

JO 



^ikW„(^k){t) 



k=0 



dt 



for all complex numbers £,o, . . . , ^n-i- Using this for ^k = efc(s), integrating over 
s e [0, 1] and taking p-th roots, we obtain that 



k=0 



P \ 1/P 

dt] < gp{E-n,w:)\\F:\\p. 
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The left hand side is the Lp-norm of the Dirichlet kernel. The well-known 



properties of this kernel imply that 



cin 



i-i/p < 



k=0 



1/p 



where ci and C2 depend only on p, see [HI vol. I, p. 67]. This completes the 
proof. □ 

Since by Parseval's equality ||f^||2 = \/n and since obviously H-F^Hoo = n, 
Holder's inequality yields the upper bound ||-F!^||p < for any 2 < p < oo. 

If we can show for some p > 2 that actually 

\immin^/'P-^\\F^\\p = Q (15) 

n — 'OO 

then Proposition l3. II gives that {ek)k>o and (wcr(fc))fc>o can not be equivalent in 
Lp. The duality result Proposition 12 . 51 shows that this is also true in Lp'. 

We now derive that (|15|l for one po in {2,oo) already implies H15|) for all p 
in (2,oo). Indeed, if p e (2,po), defining 9 G (0, 1) by 1/p = 9/2 + (1 - 9)/po, 
Holder's inequality together with ||i^^||2 = n^^"^ yields 

Similarly, if p G (po,oo), defining 9 G (0,1) by 1/p — 9/pq, we obtain from 
IIF^Iloo = n that 

Altogether, we have proved the following theorem. 
Theorem 3.2. // there exists po G (2, oo) such that 

liminfni/P«-i||i^^L„ = 

n — >oo 

then, for all p G (l,oo) with p ^ 2, the systems (fik) and (wcr(fe)) «'^e "not 
equivalent in Lp. 

Remark. In the cases p — 1 and p = oo, some additional care has to be taken. 
Using the well-known estimates 

^i(£„, £„) = ^oo(£n, £«) < c(l -I- logn), 

one obtains with the interpolation formula Q that if there exists pq G (2,oo) 
such that 

lim inf n^/P" - \ 1 + log n) 1 " ° 1 1 \ \ = 

n — >oo 

then (efe) and (wcr(fe)) £^re not equivalent in Li and Loo- 
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4 The case p = 4 

By the results of the previous section, we can now concentrate on upper bounds 
for the Lp-norm of for a convenient value of p € (2,oo). We use p = 4 
here. By Theorem l3.2l to show non-equivalence of (e^) and (w^^kj) in Lp for all 
p € (1, oo) it is enough to verify that 

liminfn-3/'*||i^^||4 = 0. 

n — ^oo 

We are going to formulate an equivalent combinatorial condition. To this 
end, let us introduce some more notation. Given two numbers m, n e No with 
binary expansions m — X^i^o '^i^* and n = X^i^o "-i^*, the dyadic sum is given 
by m ® n = X^i^o l^'^* ~ "-4 12*. The set Nq with dyadic addition is isomorphic to 
the group of Walsh functions which is expressed in the equation ?«m©n = WmWn 
for all m, n G No. Since the Walsh system claims relationship with the powers 
of two, we will from now on concentrate on the norms of _F2" instead of Fn for 
all n e No . Let 

Al = {(fc, I, m) e [2"]3 -.k + l-me [2"], cr(fc) ® cr(/) ® a(m) ^ a{k + I - to)}. 

In the next lemma and throughout the paper, the notation means the 
cardinality of a set A. 

Lemma 4.1. \\F,-4l^#AZ. 

Proof. It follows from 

2"-l 



k=0 1=0 



\F^„{s,t)\' ^ F^,.{s,t)Fi„{s,t) = ( J2 efc(sV.(fe)(t))( ^ e.iis)w„^i~,{t) 
= ^ efc_i(s)w^(fe)e^(i)(t) 



k,l=0 



that 



2"-l 2"-l 

\P2"{s,t)\'^ = X! X! ^fcl-'l+fc2-i2('S)^O-(fei)e<T(il)©<T(fc2)©<T(i2)(0- 

fcl,il=0 k2,l2=0 



Since 



1 

ea{s)wb{t) ds dt = 

^0 

a ||4 



1 if a = 6 = 0, 
otherwise, 



we obtain by integration that ||-F|fr.||4 = where 

I {k,,h,k2,h) e [2 ] . ^^^^^ ^ ^^^^^ ^ ^^^^^ ^ ^^^^^ ^ p |. 

Obviously, has the same cardinality as Af-^. □ 
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Corollary 4.2. //liminf„^oo 8-"#A^ = i/ien, /or a// p G (l,cx3) with 2, 
the systems (e^) and (wo-(/c)) o-fs not equivalent in Lp. 

Remark. Using the remark following Theorem 13.21 we also obtain that 



liminf 8""n^#A^ = 

n — *oo 

implies that (cfc) and (u'o.(/c)) a-re not equivalent in Li and Lao- 

5 Application to concrete rearrangements 

In this section, we apply the results of the previous section to the study of the 
equivalence problem for some specific rearrangements. In particular, we treat 
the (besides the Walsh-Paley order) most frequently used cases of the original 
Walsh system, the Walsh-Kaczmarz system and the Walsh-Kronecker systems. 
For the properties and alternative definitions of the above orderings, we refer 
the reader to j3j. 

5.1 Dyadically linear rearrangements 

The original Walsh system is a particular case of a linear rearrangement of 
the Walsh-Paley system. A dyadically linear rearrangement is represented by a 
matrix T = {tij)°°^Q with entries in {0, 1} such that the i-th. coefficient in the 
binary expansion of cr(ri) is given as 



— mod 2. 

3=0 



This is equivalent to the condition that a is linear with respect to binary ad- 
dition: cr(m (B n) — a{m) © a{n). The original Walsh system is obtained using 
the matrix T with entries tij = 1 if and only if j = i or j = i -|- 1. 
For linear rearrangements a the sets A"^ behave nicely. 

Proposition 5.1. If a is dyadically linear and n is an arbitrary permutation, 
then 

Aao-n _ at: 
— 

and consequently 

#Al°^ - #Al. 

Proof. We simply observe that by linearity and injectivity of a we have 

Acro-n _ ( ( \ rz \0"]3 . X + y — Z £ [2"], 1 

" '^' ^^^^ ■ ainix)) (B a{n{y)) (B a{T:{z)) ^ a{7r{x + y ~ z)) i 

- <^[X,y,Z) t [Z J . ^, ( . . ^^ . . _^ ^^| 



{( 



a{n{x) © 7r(y) ® 7r(z)) = CT(7r(x + y — z)) . 
T n 7\ f5>"l3 • ^ + y - ^ £ [2"], 1-4'^ 
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□ 

To use our general combinatorial condition for dyadically linear rearrange- 
ments of the Walsh-Paley system, we need the following result which may also 
have some interest in itself. 

Theorem 5.2. Let ■;/; : No — > Z 6e an arbitrary map. Then for n = 0, 1, . . . 

we have 

#{(x,y)e [2"]2:V'(a:®y)=x + y}<3". 
Proof. For w = 0, 1, . . ., define 

B„(u) {(a;,y) € [2"]2 : x ® y = u} and 
Ct{u) = {{x,y)e[Tr : x + y = i,iu)}. 

Then 

[2«]2 : i;{x®y)^x + y}^\jB„{u)nCi{u). 

U 

So all we have to show is 

^#(B„Hnc;fH) <3". 

u 

We use induction over n. The statement for n = is trivial. So assume we 
already know the statement for a certain value of n and all functions ^. Let us 
partition Bn+i{u) into four disjoint subsets as follows 

Boo(") =S„+i(")n(n X [2"]), 
BM = Br,+i{u) n ([2"] X (2" + [2"])), 
Bio(ii) = i?„+iM n ((2" + [2"]) X [2"]), 
B^^{u) = B,,+^[u) n ((2" + [2"]) x (2" + [2"])). 

We are going to use the induction hypothesis to show that 

^#(i?oiHnC,t+i(i.)) <3", (16) 

u 

Y,#{B,,{u)nct^M)<i'\ (17) 

u 

J2#{{Boo{u)UBu{u))nCt+,iu))<3-. (18) 

u 

This implies J^u ^ — 3"+^, completing the induction. 

To verify (O, we observe that for (a;, y) G [2"] x (2" + [2"]) we have y ©2" = 
2/ — 2" and therefore 

(x, y) e Soi(") n Cf^+^iu) x®y = u and x + y = 

X e y ® 2" = u ® 2" and a; + y - 2" = - 2" 

^ (x,y - 2") e B„(u e 2") n ct+^{u e 2"), 
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where we define -ipiu) — ipiii (B 2") — 2"' . So 

#(Boi n c^+iH) = #(i3„(u ® 2") n ci(u ® 2")) 

which yields by induction hypothesis that 

J2 HBoiiu) n ct+M) < J2 HBniu) n ctiu)) < 3". 

u u 

The inequahty p7l) is symmetric to (|16|l . 
To prove p8|l. we observe that 

G i3oo(u) imphes x + y < 2"+^ and 
(x, J/) e -Bii(u) imphes a: + ?/ > 2"+^ 

which gives that 

if > 2"+^ tlien Boo(w) n Ct+i{u) = and 

if i!{u) < 2"+i then Bii(u) n C^+^{u) = 0. 

So 

^#((Soo(w)Ui3nH)nC,t+i(«)) 

= 5^ #(BooHnc;f+iH)+ #(5ii(")nc:f+i(t 

j/'(ti)<2"+i i/'(")>2" + i 

Defining ip by 

Xu) if < 2"+\ 



"^^"^ ~ ^ ^(u) - 2"+i if > 2"+i, 

we obtain for u with V'(w) < 2"+^ that 

(x, e i?oo(^) n C't+Au) ^ (x, y) e s„(w) n c;f (u) 

and for u with ?/'('") 5! 2"+-'^ that 

e n Ct+M ^ (x - 2", 2/ - 2") e B„(?.) n ci(^x). 

So 

J2 #(i3oo(«)nc,t+i(«))= ^ #(B„(z.)nc,t(w)) 

i/i(«)<2" + i ?/j(ti)<2'>+i 

and 

i/i(u)>2"+i i/i(«)>2" + i 

finally imply with the induction hypothesis that 

^ #((i?ooM U BnM) n C:f+i(u)) < ^ n Q^u)) < 3" 
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Denoting by l the identity t(x) = x for all x G No wc can now prove the 
following result. 

Corollary 5.3. #A^, < 6". 

Proof. For each z e [2"], we consider the set 

A„{z) = {(x, y) £ [2"]2 -.x + y-ze [2"], x ©y®z = j; + y-z}. 
Defining ip^u) = {u(B z) + z, we obtain 

C {(x, y) e [2"]2 ■.^p{x®y)^x + y}, 
so from Theorem 15 .21 we infer that < 3". Consequently 

#A^, < ^ < 2"3" = 6". 

□ 

Theorem 5.4. // cr is dyadically linear then < 6" /or n = 0, 1, . . .. S'o 

the systems (e^) and (Wa-(fc)) are not equivalent in Lp for p ^ 2. In particu- 
lar, the Walsh-Paley and the original Walsh system are not equivalent to the 
trigonometric system in Lp for p G [l,oo] with p ^2. 

Proof. The assertion follows immediately from Proposition 15.11 and Corollar- 
ies a-nd and the remark following Corollary 14.21 □ 

Remark. The Walsh- Kronecker systems M^^„" are special rearrangements of the 
first 2" Walsh functions different for each n which are the basis for the fast 
Walsh-Fourier transform. They can also be obtained from the Walsh matrices. 
Here an is a dyadically linear map on [2"] so that our results also apply to this 
case giving lower estimates for Qp{t2^ 1^2^)- 

5.2 Piecewise linear rearrangements 

Unfortunately, one of the frequently used rearrangements of the Walsh system, 
the Walsh- Kaczmarz system, is not a linear rearrangement. It seems more 
natural in the equivalence problem than the Walsh-Paley order since it arranges 
the Walsh functions in the order of increasing number of sign changes. The 
corresponding permutation a is given by cr(0) = and 

fc-l k-l 

o{2'' -f x,T) = 2'^- + ^ Xk-i-,T 

1=0 i=0 

for fc = 0, 1, . . . and xo,. . . , Xk-i G {0, 1}. It is possible to estimate the cardi- 
nality of the set from the previous section for this rearrangement directly. 
Nevertheless, we prefer to sketch an alternative approach which works for all 
piecewise linear rearrangements. 



11 



A permutation a defines a piecewise linear rearrangement if ct(0) = and 

a{2'' + m) = 2'-' + crfc(m) 

for fc = 0, 1, . . ., < TO < 2*^ — 1, and bijections ak ■ [2*^] — > [2*^] which are linear 
with respect to binary addition. In particular, a leaves the blocks {2*'',2'^ + 
1, . . . , 2'^+^ — 1} invariant. Obviously, the Walsh-Kaczmarz order is a piecewise 
linear rearrangement. 

Instead of using the functions F^^, we now use the functions 

2n-l 
k—n 

As an analogue of Proposition 13. II we obtain 

Proposition 5.5. For each p with 1 < p < oo, there exists some constant 
Cp > such that 

ep{£2n,V^L) > cy-'^P\\F^A\p' for 1,2,.... 

Similarly, we obtain analogues of Lemma WJ\ and Corollary 14. 21 if we replace 
the set by the set 

A^-^(k I m)e(2- + \2"\)'- k + l-me2- + [2% ^ 
A„ -^[k,l,m)€[2 +[2 \) • ^^(^ + ^_„J)/• 

Lemma 5.6. \\F^„\\l^#A^. 

Corollary 5.7. //liminf„_»oo 8^"#JlJ^ = then, for all p e (l,oo) with p^ 2, 
the systems (e^) and (W(j(A:)) i^ot equivalent in Lp. 

Remark. Using the remark following Theorem 13.21 we also obtain that 

Iiminf8-"n2#i,^^ = 

n— >oo 

implies that (cfc) and {wa-(k)) a-re not equivalent in Li and Loo- 

We are now in a position to treat the case of piecewise linear rearrangements. 

Theorem 5.8. If a is a piecewise linear rearrangement then ^A"^ < 6" for 
n = 0, 1, . . .. So the .systems (ek) and (^'^(fc)) are not equivalent in Lp forp ^ 2. 
In particular, the Walsh-Kaczmarz system is not equivalent to the trigonometric 
system in Lp for p G [1, oo] with p 2. 

Proof. For each z e 2" + [2"] , we consider the set 

A^z) - {{x, y) e (2" + [2"])2 : ^ + ^'^^^ ^ ], + ^ _ }• 
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Let (Tfe : [2*^] [2'^] denote the linear maps from the definition of piecewise 
hnearity. Then wc obtain for any (x, y) S ^ni^) that x + y — zG2^ + [2"] and 

(Jnix ® y ® z) = <Tn{x + y - z), 

where x = x — 2", y — 2", 5 = z — 2". Since (T„ is a permutation this imphes 
x(By(Bz — x + y — z. So 

#AUz) < y) e [2"]2 :i®ye5 = i + y-5}. 

This can be estimated by 3" as in the proof of Corollary 15 . 31 and gives #^1^^ < 
^^g2"+[2"] T^^n(^) — The claim now follows from Corollary 15.71 if p G 
(1, oo) and the remark after that corollary if p = 1, oo. □ 

5.3 Small perturbations 

Besides (piecewise) linear rearrangements, we can treat a further class of rear- 
rangements, namely small perturbations of rearrangements of the Walsh system, 
that are known to be non-equiyalent. 

To this end, for d g Z, we also consider the sets 

Ki^) ■■= {ix,y,z) e [2"]3 : ^^^^^^^y^^^l'^^^^^^^^ 

So instead of asking for a{x) © a{y) © a{z) © a{x + y — z) — we require 
that the left hand side of this equality equals a fixed number a{v). Note that 
<(0) = 

As in the proof of Theorem l5.4l we can control the size of A'^{v) for dyadically 
linear rearrangements a and all v. 

Proposition 5.9. If a is dyadically linear then ^Af^{v) < 6" for n = 0,1, . . .. 

Proof. By linearity and injectiyity of a we need only consider the case a = l. 
Using ^/j{u) = {u(Bz®v) + z we see the result as in the proof of Corollary l5.3l □ 

Giyen two permutations tt and a let 

f{u) := tt{u) © cr(u) 

and put 

fn — max /(w). 

uG[2"] 

The function / measures in some sense, how much tt deviates from a. In par- 
ticular |7r(u) — a{u)\ < f{u). We say that tt dyadically differs from a by /. 

Proposition 5.10. We have 

Al c y Al{v). 

In particular 

#A;^<(4/* + 1)#A-. 
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Proof. Note that for all x, y, z we have 

a{x) ® a{y) ® a{z) ® a{x + y - z) Q) tt{x) 7r(y) tt{z) ®tt{x + y ~ z) 

= f{x)®f{y)®f{z)®f{x + y~z). (19) 

Also, for any x,y>{) the dyadic addition satisfies 

X (B y < X + y. 

Therefore if (a;, y, z) £ Af^ then x,y, z,x + y — z £ [2"] and hence 

fix) ® /(y) ® /(^) ®f{x + y-z)< 4/:. 

Defining w by 

tt{v) ~ tt{x) ® 7r(j/) 7r(z) © 7r(a; + y — z), 
we obtain (x, y, z) e It now follows from 

a{x) ® cr(y) ® a{z) ® cr(x + y - z) = 
and ((T^ that 7r(u) < 4/*. This completes the proof. □ 

This proposition immediately implies 
Theorem 5.11. If n dyadically differs from a by f , and f and ff^A^ satisfy 

limmi8^''#Alf* = 

n — ^cx: 

then, for all p G (l,oo) with p ^ 2, the systems (cfe) and (wo-(fe)) are not 
equivalent in Lp. This is in particular the case, if n is dyadically linear and f 
satisfies 

/: = o(|r)- 

Remark. In the cases p = 1, oo, we again have to adjust the condition to 

Iiminf8-"n2#^;^/* = 0. 

n—*oo 

We now develop a dual version of the last results. We will mostly leave the 
proofs to the reader, since they are completely analogous to the previous ones. 
For w G Z, we define the sets 

{{x, y, z) £ [2'f : a{x) + a{y) - a{z) + v = (j{x ® y ® z)} 

and we let A"^^ — A'^ifS). As before, we can show that for p £ (1, oo) with p ^ 2 
the systems (eo.(fe)) and {wu) are not equivalent in Lp if 

liminf 8-"#i^ = 0. 

n — ^cx: 

Again, we can control the size of ) for dyadically linear rearrangements 
a and all v. 
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Proposition 5.12. If a is dyadically linear then < 6" for n — 0,1, . . .. 

Given two permutations tt and a let 

f{u) := |7r(u) - a{u)\ 

and put 

fn — max /(u). 

ue[2'>] 

The function / measures how much tt deviates from a. We say that tt differs 
from (T by /. 

Proposition 5.13. M^e have 

|-"l<4/* 

/n particular 

#i^<(8/: + i)#i^ 

Proof. Note that for all x, z we have 

\(7{x ®y®z) — a{x) — (j{y) + (j{z) — 7t{x Q) y ® z) + Tr{x) + 7r(y) — 7r(z)| 

< /> ® y ® z) + /(.t) + /(y) + /(z) . (20) 

Therefore if (a;, y, z) e Af^ then x, y, z, x © ?/ © z G [2"] and hence 
fix © y © z) + fix) + /(y) + /(z) < Af^. 

Defining v by 

V = tt{x © y © z) — 7r(2;) — 7r(y) + 7r(z), 
we obtain (z, y, z) e A^^iv). It now follows from 

aix ® y ® z) - aix) - CT(y) + cr(z) = 

and (|2nj) that \v\ < 4/*. This completes the proof. □ 

Again we immediately obtain 
Theorem 5.14. If tt differs from a by f, and f and #^4^ satisfy 

liminf8~"#i;^/* = 

n — ^oo 

then, for all p G (l,oo) with p ^ 2, the systems (eo-(fe)) and iwk) are not 
equivalent in Lp. This is in particular the case, if n is dyadically linear and f 
satisfies 
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Remark. In the cases p — 1, oo, we again have to adjust the condition to 



To illustrate the power of this perturbation method, we add another example. 
Example. Let F be a subset of Nq such that 

lim inf ^^^^[''^^ < 2 - log2 3 = 0.415037 .... 

n — *oo Ti 

Let a be such that for x = J2^o ^i^' we have 

where Xi e {0, 1} are such that cr is a permutation and otherwise arbitrary. In 
other words, a acts arbitrarily on the binary coefficients in F and as the identity 
on the remaining binary coefficients. 

Then the systems (e/j) and (^^(fc)) are not equivalent in Lp with p 2. 

Proof. Fix n £ Nq. Let m = #(F n [n]) and write F n [n] = {fco, . . . , /cm-i} and 
[n] \ F = {km, ■ • ■ , kn-i}- Define a permutation 7r„ by 



n— i n—i 



Then 7r„ is a dyadically linear permutation on [2"] so by Proposition 15.11 we 
have #Al" = #^^1"°". Moreover 

m — 1 ni—l 
TTn o Cr(u) © 7r„(u) = ^ {tj.^ 2^ © ^ Ufc, 2' < 2™. 

i=0 i=0 

This implies by Proposition 15 . 101 that 

#^-"°- < 4 • 2'"#4-" 
or by the linearity of 7r„ and CoroUarv 15.31 

< 4 • 2™6". 

The growth condition on #(F n [n]) ensures that 

liminf 8-"#A^ = 0. 

n — ^oo 

The claim now follows from CoroUarv 14. 21 □ 
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Final remarks: 1. The estimates for the non-equivalence quantities obtained 
by our methods have power type behavior. Nevertheless, since they do not give 
optimal exponents except possibly in the case p = 4, we did not state those 
estimates explicitly. In the case 2 < p < 4, our estimates for the Walsh-Paley 
system are the same as the lower bounds obtained in ^ . In the cases p > 4 and 
1 < p < 2, the estimates for the special case of the Walsh-Paley order in are 
better than ours. It would be interesting to find the optimal estimates at least 
in the cases of the usual orderings. 

2. Although we were not able to give general estimates for the cardinalities 
of the sets A^, we conjecture that the identical permutation already gives the 
maximal possible cardinality. A similar and from the combinatorial point of 
view very natural question is to find good upper bounds for the cardinalities of 
the sets 

= {{k, I) £ [2"]2 : fc + / G [2"], a(fc) © cr{l) = cr{k + I)}. 

For linear and piecewise linear rearrangements one can obtain that < S"' 

and for the identity — 3". Again we conjecture that #-B^ < 3" holds for 
any permutation a. Basically, this is a question about how big the set of pairs 
(/c, I) can be for which cr behaves like a homomorphism between the integers and 
the Cantor group. We checked this claim for n < 4 and for all permutations 
(7 of [2"] with a computer. The running time for the case n = 4 on a PC was 
about four days. 
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